Abstract. The existence problem of the total domination vertex critical graphs has been studied in a series of articles. The aim of the present article is twofold. First, we settle the existence problem with respect to the parities of the total domination number m and the maximum degree ∆ : for even m except m = 4, there is no m-γ t -critical graph regardless of the parity of ∆; for m = 4 or odd m ≥ 3 and for even ∆, an m-γ t -critical graph exists if and only if ∆ ≥ 2⌊ 
Introduction
A domination and its variations in graph theory have been studied widely and extensively because of its rich applications [2, 6, 8, 11] . Two books by Haynes, Hedetniemi and Slater provide a well written survey on this subject [4, 5] . We refer to [4] for notation and general terminology.
Let G = (V (G), E(G)) be a simple graph of order n(G). The minimum degree and the maximum degree of a graph G are denoted by δ(G) and ∆(G), respectively. A subset S ⊆ V is a dominating set of G if every vertex not in S is adjacent to a vertex in S. The domination number of G, denoted by γ(G), is the minimum cardinality of dominating sets. A subset S ⊆ V is a total dominating set of G if every vertex of G is adjacent to a vertex in S. The total domination number of G, denoted by γ t (G), is the minimum cardinality of total dominating sets. A total dominating set of cardinality γ t (G) is called a γ t (G)-set.
Goddard et al. introduced the concept of total domination critical graphs [2] . A graph G with no isolated vertex is total domination vertex critical if for any vertex v of G that is not adjacent to a leaf, a vertex of degree one, the total domination number of G − v is less than the total domination number of G. Such a graph is said to be γ t -critical or m-γ t -critical if its total domination number is m. It is well known that the order of m-γ t -critical graph G is at least ∆(G) + m. So, they suggested the following classification problem of the total domination critical graphs.
Problem 1 ( [2]). Characterize m-γ t -critical graphs G with order ∆(G) + m.
There have been a series of articles regarding this problem. Mojdeh and Rad found 3-γ tcritical graphs of order 3 + ∆(G) for any even ∆(G) and showed that there is no 3-γ t -critical graph G of order 3 + ∆(G) for ∆(G) = 3, 5 [11] . In [1] , Chen and Sohn proved that there is no 3-γ t -critical graph of order ∆(G) + 3 with ∆(G) = 7 and δ(G) ≥ 2. Furthermore, they gave a family of 3-γ t -critical graphs of order ∆(G) + 3 with odd ∆(G) ≥ 9 and δ(G) ≥ 2. Hassankhani and Rad proved that there is no 4-γ t -critical graph of order ∆(G) + 4 with δ(G) ≥ 2 for ∆(G) = 3, 5 [3] . There have been several partial results on the existence problem of the total domination vertex critical graphs from different point of views.
The aim of the present article is twofold. First, we settle the existence problem with respect to the parities of the total domination number m and the maximum degree ∆ in Theorem 2. The outline of this paper is as follows. In section 2, we review some definitions and previous results. In section 1, some properties of m-γ t -critical graph of order ∆ + m will be given. In section 4, we provide the proof of the Theorem 2. In section 5, we deal with the remaining open cases for m = 4 and m ≥ 9.
Preliminaries
In this section, we review some definitions and previous results. The degree, neighborhood and closed neighborhood of a vertex v in a graph G are denoted by
. The cycle, path and complete graph on n vertices are denoted by C n , P n and K n , respectively. A vertex of degree one is called a leaf. A vertex v of G is called a support vertex if it is adjacent to a leaf. Let S(G) be the set of all support vertices of G. The corona of a graph H, denoted by cor(H), is the graph obtained from H by adding a leaf adjacent to each vertex of H.
For two graphs G 1 and G 2 and for two vertices v 1 ∈ V (G 1 ) and v 2 ∈ V (G 2 ), a vertex amalgamation of G 1 and G 2 with two vertices v 1 and v 2 is a graph whose vertex set is
The vertex amalgamation method is useful to construct a new γ t -critical graph by the following proposition.
Proposition 3 ( [2])
. Let F and H be j-γ t -critical and k-γ t -critical graphs, respectively, with minimum degrees at least two and let G be a graph formed by identifying a vertex of F with a vertex of H. If γ t (G) = j + k − 1 then G is also γ t -critical.
Lemma 4. For any
) ∪ {u} is a total dominating set of G and whose cardinality is
Then, v is adjacent to a vertex u ∈ S − {v}. Without loss of generality, we may assume that
The following two lemmas are known results in [2] which will be used in this paper.
Lemma 6 ( [2]
). If a graph G has nonadjacent vertices u and v such that v / ∈ S(G) and
Mojdeh and Rad [11] found the following lemma about a total domination vertex critical graph G of order ∆(G) + γ t (G) with δ(G) ≥ 2.
Lemma 7 ( [11]
). There is no 3-γ t -critical graph G of order ∆(G) + 3 with ∆(G) = 3, 5 and δ(G) ≥ 2.
Some properties of
In this section, we find some properties of γ t -critical graph G with γ t (G) = n − ∆(G). Throughout the section, we assume the following notation for γ t -critical graph G with γ t (G) = n − ∆(G) and δ(G) ≥ 2 unless stated otherwise. Let v be a vertex whose degree is the maximum degree ∆(G). Since G is γ t -critical, it follows that
We find the following two lemmas regarding the γ t -critical graph G with γ t (G) = n − ∆(G) and δ(G) ≥ 2.
Proof. Suppose that G is not connected. Then, at least one of
Choose a spanning tree T of H i and one end vertex u of T . Then, S i − u is a total dominating set of H i and furthermore S − u is a total dominating set of G − v, which is a contradiction.
Let u be a vertex of H j whose degree in H j is at least 3. Choose a spanning tree T of H j containing all edges incident to u. Then, T has at least three leaves.
′ is a total dominating set of G and hence
Suppose that there exists j such that H j is a cycle
x} is a total dominating set of G, which is a contradiction. So, for all i = 1, 2, . . . , t, H i is a path.
Suppose that there exists a path
is a total dominating set of G, which is a contradiction. Therefore, H i is a P 2 or a P 3 for all i = 1, 2, · · · , t.
contains another component w 1 w 2 w 3 which is isomorphic to P 3 , then for some x ∈ N(v), (S − {u 3 , w 3 }) ∪ {v, x} is a total dominating set of G, which is a contradiction. Next if we suppose G[S] contains a P 3 and at least one P 2 , say w 1 w 2 . Then,
Furthermore, for any x ∈ N(v), N(x) ∩ S = ∅ because S is a total dominating set of G − v. We want to show that |N(x) ∩ S| = 1 for any x ∈ N(v). Suppose that there exists an x ∈ N(v) such that u i , w i ∈ N(x) for some i = 1, 2, . . . , t. Then, S ′ = (S − {u i , w i }) ∪ {v, x} is a total dominating set of G, which is a contradiction.
For the next case, suppose that there exists an x ∈ N(v) such that u i , u j ∈ N(x) for some different i, j. Choose y i ∈ N(v) ∩ N(w i ) and y j ∈ N(v) ∩ N(w j ). Then, one can easily check that (S − {u i , u j , w i , w j }) ∪ {v, x, y i , y j } is a total dominating set of G, which is a contradiction. Similarly, one can show that a contradiction occurs if |N(x)∩S| ≥ 2 for some
These results can be summarized to obtain general figures of γ t -critical graph G with γ t (G) = n − ∆(G) and δ(G) ≥ 2 as in Figure 1 . For m = 4 and for even ∆ ≥ 2, let G be a graph whose vertex set is {v} ∪ (U ∪ W ) ∪ {u 1 , u 2 , u 3 } with |U| = |W | = ∆/2 and whose edge set is composed of {vx, vy, u 1 x, u 3 y|x ∈ U, y ∈ W } ∪ {u 1 u 2 , u 2 u 3 } as in Figure 1 a) and the subgraph induced by the vertices in between U and W is K ∆/2,∆/2 − E(M), where M is an 1-factor of K ∆/2,∆/2 . Then, one can show that G is a 4-γ t -critical graph of order ∆(G) + 4.
For odd m ≥ 3 and for even ∆ ≥ m − 1, let G 1 be a graph whose vertex set is {v 1 } ∪ (U 1 ∪ W 1 ) ∪ {u 1 , w 1 } with |U 1 | = |W 1 | = (∆ − m + 3)/2 and whose edge set is composed of {v 1 x, v 1 y, u 1 x, w 1 y|x ∈ U 1 , y ∈ W 1 } ∪ {u 1 w 1 } and the subgraph induced by the vertices in between U 1 and W 1 is K (∆−m+3)/2,(∆−m+3)/2 − E(M), where M is an 1-factor of K (∆−m+3)/2,(∆−m+3)/2 . Then, one can show that G 1 is a 3-γ t -critical graph of order ∆(G 1 ) + 3 = ∆ − m + 6. Note that C 5 is a 3-γ t -critical graph of order 5. So, the vertex amalgamation G of Proof. Let G be a γ t -critical graph with γ t = n − ∆(G) and δ(G) ≥ 2. For any vertex It divides into three cases depending on ∆(G). Case 1. ∆(G) = 3. We assume that N(u) ∩ N(v) = {x 1 } and N(w) ∩ N(v) = {y 1 , y 2 }. Since G − y 2 is the cycle C 6 which has a total domination number 4. It is a contradiction. Case 2. ∆(G) = 5. It divides into two cases depending on |N(u) ∩ N(v)|. Case 2.1. We assume that N(u) ∩ N(v) = {x 1 } and N(w) ∩ N(v) = {y 1 , y 2 , y 3 , y 4 }. It is obvious that there is no edges x 1 y j (j = 1, 2, 3, 4) in G. If we delete y 1 , there is the cycle C 6 in G which have a total domination number 4. It is a contradiction. Case 2.2. We assume that N(u) ∩ N(v) = {x 1 , x 2 } and N(w) ∩ N(v) = {y 1 , y 2 , y 3 }. It is obvious that for any i = 1, 2, 3, y i cannot be adjacent to both x 1 and x 2 . Without loss of generality, we can assume that x 1 y 1 , x 1 y 2 / ∈ E(G). It implies that S x 2 = {x 1 , y 3 , w}, x 1 y 3 ∈ E(G) and x 2 y 3 / ∈ E(G). By considering S y 3 , one can show that x 2 y 1 ∈ E(G) or x 2 y 2 ∈ E(G). Let x 2 y 1 ∈ E(G). Then, S y 1 = {x 1 , y 3 , u} and y 2 y 3 ∈ E(G). Furthermore, S y 2 = {x 2 , y 1 , u} and y 1 y 3 ∈ E(G). In this case, {x, y 3 , u} is a total dominating set of G, a contradiction. Case 3. ∆(G) = 7. It divides into three cases depending on |N(u) ∩ N(v)|. Case 3.1. We assume that N(u) ∩ N(v) = {x 1 } and N(w) ∩ N(v) = {y 1 , y 2 , y 3 , y 4 , y 5 , y 6 }. It is obvious that G is not 4-γ t -critical graph. Case 3.2. We assume that N(u) ∩ N(v) = {x 1 , x 2 } and N(w) ∩ N(v) = {y 1 , y 2 , y 3 , y 4 , y 5 }. By the Pigeonhole Principle, we can assume that x 1 ∈ S y 1 ∩ S y 2 ∩ S y 3 . For j = 1, 2, 3, S y j ∩ {y 4 , y 5 } = ∅. By the Pigeonhole Principle, we can assume that S y 1 = S y 2 = {x 1 , y 4 , u}. Since {x 1 , y 4 , u} is a γ t (G − y 1 )-set and x 1 y 2 / ∈ E(G), y 2 y 4 ∈ E(G). Therefore {x 1 , y 4 , u} is not a γ t (G − y 2 )-set. It is a contradiction. Case 3.3. We assume that N(u) ∩ N(v) = {x 1 , x 2 , x 3 } and N(w) ∩ N(v) = {y 1 , y 2 , y 3 , y 4 }. It divides into four cases depending on existing edges between {x 1 , x 2 , x 3 }. Suppose that there is no edges in {x 1 , x 2 , x 3 }. Without loss of generality, let S x 1 = {x 2 , y 1 , w}. Then, x 2 y 1 , x 3 y 1 ∈ E(G) and x 1 y 1 / ∈ E(G). By the similar way, we can assume that x 1 y 2 , x 3 y 2 ∈ E(G) and x 1 y 3 , x 2 y 3 ∈ E(G). Furthermore, x 2 y 2 , x 3 y 3 / ∈ E(G). Considering S y 4 , we may assume that S y 4 = {x 1 , y 2 , u}. Then, y 1 y 2 ∈ E(G) and x 1 y 4 , y 2 y 4 / ∈ E(G). If x 2 y 4 ∈ E(G) or x 3 y 4 ∈ E(G) then {x 2 , y 1 , u} or {x 3 , y 1 , u} is a γ t (G)-set, which is a contradiction. Hence, we may assume that x 2 y 4 , x 3 y 4 / ∈ E(G). It implies that S y 2 = {x 2 , y 3 , u} and hence y 3 y 4 ∈ E(G). Let us consider S y 3 . Since y 2 y 4 / ∈ E(G), S y 3 = {x 3 , y 1 , u}. It implies that y 1 y 4 ∈ E(G). Then, {x 2 , y 1 , u} is a γ t (G)-set, a contradiction.
If there is one edges in {x 1 , x 2 , x 3 }, we assume that x 2 x 3 ∈ E(G). Without loss of generality, let S x 1 = {x 2 , y 1 , w}. Then, x 2 y 1 ∈ E(G) and x 1 y 1 / ∈ E(G). Also, without loss of generality, we may assume that S x 2 = {x 1 , y 2 , w}. It implies that x 1 y 2 ∈ E(G) and x 3 y 2 ∈ E(G). In this case, {x 3 , y 2 , w} is a γ t (G)-set. It is a contradiction.
If there is two or three edges in {x 1 , x 2 , x 3 }, one can similarly get a contradiction as the case that there is one edge in {x 1 , x 2 , x 3 }.
Lemma 11. Let G be a connected graph with ∆(G) = 9 or ∆(G) ≥ 11. Then there are positive integers 3, 2 = s 1 , s 2 = s 3 satisfying the following two conditions; Let H be a copy of the complement graph K 3 of the complete graph K 3 . Let V (H) = {x 1 , x 2 , x 3 }. Let H i be a graph with a vertex set V (H i ) = {y i1 , y i2 , · · · , y is i } for i = 1, 2, 3. Suppose that 2 = s 1 ≤ s 2 = s 3 . Let F be the graph obtained from H 1 ∪ H 2 ∪ H 3 by adding edges y 1j y 2k , y 2k y 3ℓ , y 1j y 3ℓ for j = 1, 2, k = 1, 2, · · · , s 2 , and ℓ = 1, 2, · · · , s 3 , j = k, j = ℓ, k = ℓ. Let G be the graph obtained from H ∪ F and four new vertices v, u, z, w by adding edges x i y jk for 1 ≤ i, j ≤ 3, i = j and 1 ≤ k ≤ s j , and then joining v to every vertex in H ∪ F , joining u to every vertex in H and joining w to every vertex in F , and adding the edges uz and zw. Then ∆(G) = 3 + 2 + s 2 + s 3 . Two figures in Figure 3 are examples of 4-γ t -critical graphs with ∆(G) = 9, 11.
Theorem 12. The graph G in Figure 3 is 4-γ t -critical.
Proof. It is obvious that γ t (G) = 4. So we only prove that G is γ t -critical graph. First, {v, y 11 , w}, {v, x 1 , u}, {v, x 1 , y 11 } and {u, w, z} is a total dominating set of G − u, G − w, G − z and G − v respectively. For any vertex x i ∈ V (G), {w, y i1 , z} is a total dominating set of G − x i . For any vertex y jk ∈ V (G), It is easy to choose a total dominating set of G − y jk , In general, for any vertex a ∈ V (G), γ t (G − a) = 3. So G is a 4-γ t -critical graph.
By Theorems 2, 10 and 12, we have the following corollary. Proof. Assume that there exists a 9-γ t -critical graph G 1 of order ∆ 1 + 9 with ∆(G 1 ) = ∆ 1 and δ(G 1 ) ≥ 2 for any odd ∆ 1 ≥ 9. Then for odd m ≥ 9 and for any odd ∆ ≥ m, one can construct m-γ t -critical graph G of order ∆ + m with ∆(G) = ∆ and δ(G) ≥ 2 using a vertex amalgamation of G 1 and several C 5 's. Hence, it suffices to show that there exists a 9-γ t -critical graph G of order ∆ + 9 with ∆(G) = ∆ and δ(G) ≥ 2 for any odd ∆ ≥ 9.
For any ∆ ≥ 9, let G = (V, E) be a graph whose vertex set is {v}∪
, where } and its edge set is composed of {vx, vy, xu i , yw i , u i w i | x ∈ U i , y ∈ W i , i = 1, 2, 3, 4} ∪ {x i x 3i , y i x 3i | x i ∈ U i , y i ∈ W i , i = 1, 2} ∪ {y 3 x, y 3 y | y 3 ∈ W 3 , x ∈ U 4 , y ∈ W 4 } as in Figure 4 . For our convenience, let N i = U i ∪ W i ∪ {u i , w i } for i = 1, 2, 3, 4. We want to show that G is a 9-γ t -critical graph of order ∆ + 9. Let S be a total dominating set of G. Then, one can check that γ t (G) = |S| ≥ 8 because for i = 1, 2, 3, 4, |S ∩ N i | ≥ 2 for S to dominate u i and w j . Suppose that γ t (G) = 8. Then, |S ∩ N i | = 2 for any i = 1, 2, 3, 4. Especially, |S ∩ N 3 | = 2. If S ∩ N 3 = {x 31 , u 3 } then for S to dominate y 3 , S ∩ N 3 is {x 4j , u 4 } or {y 4j , w 4 } for some j = 1, 2, . . . , ∆−7 2
. In either cases, W 4 or U 4 is not dominated. For other choices of S ∩ N 3 , one can similarly show that V (G) is not totally dominated by S if |S ∩ N 3 | = 2. So, γ t (G) = |S| ≥ 9. For S 1 = {u i , w i | i = 1, 2, 4} ∪ {v, x 31 , u 3 }, S 1 is total dominating set of G. Hence, γ t (G) = 9.
If we delete u j for some j = 1, 2, 3, 4, then for some y ∈ W j , {u i , w i | i = 1, 2, 3, 4, i = j} ∪ {v, y} is a total dominating set of G − u j . Hence, γ t (G − u j ) = 8. Similarly, one can show that γ t (G − w j ) = 8. If we delete x 1 from G then {u i , w i | i = 2, 3, 4} ∪ {y 1 , w 1 } is a total dominating set of G − u j and hence γ t (G − x 1 ) = 8. If we delete x 3,1 from G then {u 1 , w 1 , x 2 , y 2 , x 32 , y 3 , x 41 , y 41 } is a total dominating set of G−x 3,1 and hence γ t (G−x 31 ) = 8. Similarly, one can show that for any z ∈ V (G), γ t (G − z) = 8. Therefore, G is a 9-γ t -critical graph of order ∆ + 9.
By Theorems 2 and 14, we have the following corollary. 
